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Abstract 


The  pressure  fluctuation  in  a  deep 
ooean,  due  to  short-period  surface  waves,  is 
calculated  by  means  of  a  simple  physical  model* 
It  is  shown,  as  was  pointed  out  earlier  by 
Longue t -Higgins,  that  the  pressure  under  a 
standing  wave  varies  at  twice  the  frequency  of 
the  wave  and  with  an  amplitude  proportional  to 
the  square  of  the  wave  amplitude,  and  inversely 
proportional  to  the  wave  length,  but  that  the 
pressure  under  a  progressive  wave  is  constant. 

A  similar  calculation  of  the  pressure 
fluctuation  under  a  standing  internal  wave  gives 
similar  results,  but  the  amplitude  is  diminished 
by  the  factor  (  *t/t  )• 

Numerical  calculations,  using  typical 
wave  amplitudes,  show  that  pressure  fluctuations 
of  about  30  cm.  may  occasionally  be  expected  un¬ 
der  6-second  surface  waves,  but  that  internal 
waves,  because  of  their  large  wave  lengths,  will 
have  little  effeot  on  the  pressure  in  the  deep 
ocean. 


The  purpose  of  this  paper  is  to  investigate  the 
fluctuations  of  pressure  at  the  ocean  bottom  due  to  surface 
and  internal  waves.  Longuet-Higgins  (1950),  by  a  rigorous 
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analysis  of  the  case  of  short-period  waves,  has  shown  that 
progressive  waves  cause  no  pressure  fluctuations  in  the 
deep  water,  but  that  in  the  presence  of  standing  waves  the 
bottom  pressure  varies  with  twice  the  frequency  of  the  sur¬ 
face  waves.  We  will  not  repeat  his  calculations,  but  will 
show  how  his  results  can  be  derived  in  a  more  elementary 
manner,  and  apply  the  same  method  to  calculate  the  bottom 
pressure  fluctuations  due  to  short-period  internal  waves. 

Under  long-period  waves  the  pressure  can  be  cal¬ 
culated  with  sufficient  accuracy  from  the  height  of  water, 
on  the  basis  of  the  usual  hydrostatic  assumptions,  so  this 
case  requires  no  special  consideration 

1.  Free  Surfaoe  Waves 

We  consider  water  of  density  P  whioh  is  motion¬ 
less  except  in  the  neighborhood  of  the  surface.  Let  (x,  £,  z) 
be  Cartesian  coordinates  with  the  origin  on  the  mean  surface 
and  the  z  axis  directed  vertically  downward,  and  let  P  and 
V  be  the  pressure  and  velocity  vector.  We  will  further 
assume  that  6  is  a  constant  at  great  depths.  Then  the  equa¬ 
tion  of  motion  is 


AV 

At 


graJ  (fy“3  z) 


(i) 
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Therefore  there  can  be  no  pressure  gradients,  ex¬ 
cept  for  the  hydrostatic  term,  in  the  deep  water  where  V  is 
zero.  But  P  may  vary  with  time  providing  it  is  the  same  at 
all  points  in  the  deep  water.  We  utilize  this  fact  to  cal¬ 
culate  P  by  considering  the  motion  of  the  column  of  water 
between  the  surface  and  the  plane  z  =  z* ,  and  of  such  great 
lateral  extent  that  the  motion  of  water  through  its  boundar¬ 
ies  is  negligible  compared  to  the  total  mass.  We  denote  by 
i  the  elevation  of  the  free  surface  above  the  mean  surface. 

As  has  been  pointed  out  by  Longuet-Higgins ,  the 
center  of  gravity  of  this  water  column  will  rise  and  fall 
as  a  result  of  wave  motion  on  the  surface,  except  in  the 
case  of  pure  progressive  waves.  Vertical  motions  of  the 
center  of  gravity  can  result  only  from  the  vertical  compon¬ 
ents  of  external  forces  acting  on  the  water  mass.  These 
forces  are  due  to  gravity,  the  external  atmospheric  pressure, 
and  the  pressure  P  at  z  =  z ' .  Let  zQ  be  the  depth  of  the 
center  of  gravity  of  the  water  column,  M  its  mass,  A  its 
horizontal  cross-sectional  area,  P*  the  dynamic  pressure  at 
z  =  z* ,  and  PQ  the  surface  (atmospheric)  pressure. 

Then,  by  definition, 

?'*F-At4*-r#  (2) 


A 1 


/» 


(3) 
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By  Newton's  second  law, 

M  +- 

*A(ro-r)tM3*-AP' 


(4) 


(5) 

(6) 


If  we  assume  the  surface  pressure  to  be  constant  and 
take  z'  great  enough  so  that  P  is  essentially  indepen¬ 
dent  of  x  and  £.  We  will  further  assume  for  the  moment 
that  P  is  constant. 

Then 

r  A  At' 


&ss_yz*s 


(7) 
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This  is  the  result  obtained  by  Longue t-Higgins 
in  a  more  rigorous  analysis  of  the  wave  motion. 

2.  Internal  Waves 

We  will  now  apply  the  same  technique  to  a  two- 
layer  ocean.  Taking  the  origin  of  coordinates  at  the  free 
surface  as  in  Section  1,  let  the  density  and  average  thick¬ 
ness  of  the  upper  layer  be  £*and  h* ,  and  those  of  the  lower 
layer  be  £  and  h.  The  height  of  the  interface  above  the 
plane  z  =  +h  will  be  denoted  by  and  the  elevation  of  the 
free  surface  above  z  =  o  by  Equation  (4)  then  becomes 

p  * ~2a  M '+ut-fyr'{sKy-w*t''il*s  (12, 

*  +■  wvy')}  HD 

since  J*  ■,£  * 0  by  definition 

2^  TP* 


and 


O 
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3.  Pressure  Variations  under  Harmonic  Waves 

Equations  (10)  and  (14)  give  the  relation  between 
the  bottom  pressure  and  the  shape  of  the  surface.  However, 
this  relation  is  more  clearly  seen  if  the  surface  motion  is 
represented  by  harmonic  waves.  Because  of  Fourier's 
theorem  this  results  in  no  loss  of  generality. 

We  assume,  then,  that  the  surface  displacement 
can  be  represented  by  the  Fourier  series 

—  5L  {At* 

Hsl  1  J 

where  utf  s  g  (k^  +£>?) 

Then  i  * At?  u/*  £>«£,] 

+.  2.f  f 

mm  1  xS/n  (kJC+JUS  +&0 

-if 

W  »l»l  __ 

■hA* 

Lx 

We  see  that  J  is  a  sum  of  terms,  each  containing  a  pair  of 


(15) 


(16) 


harmonic  components.  This  means  physically  that  the  har¬ 
monic  components  interact  in  pairs,  and  characterizes  the 
phenomenon  as  one  of  the  second  order.  It  will  be  necessary, 
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therefore,  to  calculate  the  bottom  pressure  fluctuations 
due  to  the  interaction  of  two  harmonic  components.  The 
effect  of  any  arbitrary  surface  motion  can  then  be  calcu¬ 
lated  by  gumming  over  all  pairs  of  functions  which  occur 
in  the  Fourier  expansion  of  ^ .  Furthermore,  the  arbitrary 
phases  ^  may,  without  loss  of  generality,  be  made  to  van¬ 
ish  by  a  suitable  choice  of  the  origins  of  time  and  space. 
We  therefore  take 

5  *A  Sm(kx.+Jly+Ujt)  +tsfo(k'x+jL,&+w't)  (18) 

where 

«/*■  »  ft'Vz*'-)4* 

k,  t>  »  i? >  are  arbitrary  wave  numbers,  and  A  and  B  are 
arbitrary  amplitudes.  Then 

•h3lslr?-(K,X  +*'t) 

B  (21) 


(19) 

(20) 


But 


S/Vl  *m(k*’hJLy+'*>t)a  jr[l~cos  2.(KK+4g+*rtjj 


(22) 
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The  first  term  on  the  right  is  independent  of  t,  while 
the  second  has  an  average  value  of  zero.  Therefore  the 
third  term  in  (21)  is  the  only  one  which  will  contribute 


We  now  use  the  trigonometric  identity 

2-AB  sfo(kx+Jly+Mt)  sinlk'n-A-'if  +  w't) 
= A  Bjc'OSft  K-K')x 

-cos^+*')X  +U+JL‘)9  Hu-hj*  •)  tjd 


But  the  right  side  of  this  equation  has  a  mean  of  zero 
unless  k  =  k' ,  =  ^ ,  or  k  -  -k;  -J[* ,  either  of 

which  implies  tO  =  m*  because  of  (19)  and  (20).  If  k  =k’ , 

4  =  £ ,  (23)  is  replaced  by 

2 Jii  [2k) 


with  the  constant  mean  AB.  This  is  to  be  expected, 
since  the  center  of  gravity  of  a  progressive  wave  moves 
horizontally,  but  not  vertically. 

We  find,  therefore,  that  a  single  progressive 
wave,  or  a  linear  combination  of  progressive  waves  with 
different  wave  lengths  or  directions  of  propagation, 
will  not  result  in  pressure  fluctuations  in  the  deep 


ocean 
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On  the  other  hand,  if  k  =  -k' ,  L  -  -£* ,  (23) 

becomes 


ZAB$  in(Kx4-J$  +  uJt) 

=^AB  lfos  -  cos  HUJtJ 


(25) 


Therefore 

A*  ?aM6^s  XU)tr 

It'*  (26) 

and  from  (10) 

p'-i(>^gu>xc*S*urf:  »lP9A3(KV^)*c«S2i4)t  (27) 

We  see  that  there  are  no  pressure  variations 
unless  there  exists  in  the  surface  waves  a  pair  of  har¬ 
monic  components  of  equal  frequency  but  opposite  direc¬ 
tions  of  propagation,  which  is  the  condition  for  stand¬ 
ing  waves.  In  this  case  the  pressure  will  vary  with 
twice  the  frequency  of  the  surface  waves.  This  is,  of 
course,  to  be  expected  for  a  second-order  effect  and  is 
supported  by  physical  reasoning,  since  the  center  of 
gravity  of  a  standing  wave  rises  every  half-cycle  and 
reaches  its  minimum  elevation  each  time  the  surface 
passes  through  the  mean  surface. 

If  there  are  two  layers  of  different  density, 
the  situation  is  more  complicated,  since  there  are  two 
modes  of  vibration,  in  each  of  whioh  both  surfaces  are 
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in  motion,  but  with  different  amplitudes.  We  oonsider 
first  the  high-frequency  mode,  analogous  to  free-surfaoe 
waves,  in  which  the  two  layers  move  together.  For  this 
mode  the  frequency  is  given  by  the  usual  relation: 


(28) 


where  k  is  the  wave  number  in  the  direction  of  propagation. 
In  view  of  our  previous  result  that  pressure  variations 
arise  only  from  the  interaction  of  a  pair  of  waves  trav¬ 
elling  in  opposite  directions,  which  holds  for  internal 
waves  as  well,  we  can,  without  loss  of  generality,  assume 
the  waves  to  be  travelling  along  the  x  axis.  If  we  let 

ysft'sInCkz+uj't)  +B's/n(Kx~u)'t)  (29) 
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where 

r-p' 


(33) 


When  the  surface  layer  is  deep  compared  to 
the  wave  length  (kb*  »  1) ,  we  have 

?'9*  A'B'P'COS  ZU)*t  (32a) 

the  same  result  as  that  obtained  for  a  one-layer  ocean, 
which  is  to  be  expected  since  in  this  case  the  lower 
layer  is  unaffected  by  the  wave  motion. 

When  kh'  is  small. 

P'qe  2.  g  M  'B'l  P-*  p  **>']  (32b) 


which  shows  the  damping  effect  of  a  shallow  surface 
layer. 

For  the  other  mode  of  vibration  (Lamb,  loc. 

cit. ) 


oox 


3* 


4P 


(34) 


and 


! 


(35) 
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Let 


}  mA  siniki+wt)  ■f&sfoCk't-wt)  06) 

and 

^  a -A  SlWkX-u)  t )  ( 37 ) 

Using  (14)  again,  we  find 

P**tA?A&HJm(l-€‘kki)  6AS  (38) 


ZnkA  BfcjPj*  ^"fc“K  K  ^  *  .  cjj  *  2tot 

-Z0KA0C  )  f  cAShkl'tf'sinkKh'  °°S 

**3  J+fi, - tM  x<** 


(39) 


(40) 


When  the  surface  layer  is  thin,  the  effect  due 
to  the  free  surface  nearly  cancels  that  due  to  the 
interface  and  (40)  becomes 


f'*ziAZ<gtlClh,Lzos  iMt 


(40a) 


On  the  other  hand,  when  kh'  is  large,  the 
motion  of  the  surface  is  negligible  and  the  pressure 
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lias  Its  maximum  value: 

p'»  a-a^AF^r***  XMt 

Comparing  (40)  with  (32),  we  might  expect 
the  effect  of  internal  waves  to  be  small  compared  to 
that  of  surface  waves  when  At  is  small.  But  the  am¬ 
plitudes  of  internal  waves  are  generally  larger  than 
those  of  surface  waves  by  a  factor  of  the  order  of  mag 
nitude  of  Af/f  .  The  ratio  of  the  two  effects  will 
therefore  depend  on  k,  and  since  the  wave  lengths 
usually  observed  in  internal  waves  are  much  greater 
than  those  observed  in  free-surface  waves,  the  effect 
of  free-surface  waves  will  predominate  in  the  bottom 
pressure  fluctuations,  as  can  be  seen  by  reference  to 
the  numerical  calculations  in  Section  4. 

One  further  possibility  must  be  discussed, 
that  is,  the  interference  between  a  free-surface  mode 
and  an  interfacial  mode  of  equal  wave  lengths  but  dif¬ 
ferent  frequencies  <a)  and  tt/  given  by  (19)  and  (20), 
(withj&  =  0).  We  take 

^  s/tyfcy *3  &h(k  *  **>+) 


(40b) 


(41) 


(42) 
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Neglecting  terms  that  are  independent  of  time. 


we  have 


tv  P 


wjt -MSs{lKX-K‘^*W^|JdU 


(43) 


^r-  e^c«(w'.u)jt 


(44) 


y-A'B*kk‘  to*  (w'-oi)t 


(45) 


r'/Vapr  -o 


(46) 


(47) 


Therefore  interaction  of  the  two  modes  of  vibration 
cannot  produce  pressure  changes  in  deep  water. 

4.  Application  to  Bottom  Pressure  Gauges 
In  the  design  of  bottom  pressure  gauges  and 
the  interpretation  of  data  obtained  from  them,  it  will 
be  useful  to  have  some  crude  estimates  of  the  periods 
and  amplitudes  to  be  expected.  The  amplitudes  (G)  may 
conveniently  be  expressed  in  centimeters  of  water. 
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Then 


G*  ®  pgZofrCJ t 

For  the  spectrum  of  surface  waves  we  take 
a  "typical"  distribution  of  wave  heights  given  by 
Munk  (1947).  This  distribution  has  a  maximum  height 
(crest  to  trough)  of  four  feet,  at  a  period  of  8  sec¬ 
onds.  Since  we  wish  to  estimate  the  effects  of  the 
largest  waves  which  are  commonly  encountered,  we  have 
arbitrarily  doubled  the  wave  heights;  that  is,  we  have 
plotted  Munk's  wave  heights  as  amplitudes.  This  spec¬ 
trum  is  shown  in  curve  1  of  Figure  1.  We  have  used 
only  that  part  of  Munk's  spectrum  below  a  period  of  one 
minute,  since  longer  waves  do  not  satisfy  the  condition 
for  surface  waves  (L  ^  2h).  From  (27)  (with  JL  =  0)  and 
(48)  we  find 

0  =  2  ABk  ( 49 ) 

=  2A2rk  (50) 

where  r  =  B/A  is  the  standing-wave  ratio.  It  is  diffi¬ 
cult  to  guess  a  typical  value  for  r  in  the  deep  ocean. 

It  is  probably  very  small  except  near  a  moving  storm  or 
an  island  with  a  very  steep  shoreline.  In  any  event,  r 
can  never  exceed  unity.  We  will  assume  in  this  calcu¬ 
lation  that  r  equals  one,  with  the  understanding  that  our 
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results  will  represent  upper  limits  to  the  effects  that 
might  be  observed. 

When  the  data  of  curve  1  are  substituted  for 
A  in  (47)  with  r  =  1,  we  obtain  the  values  of  G  plotted 
in  curve  2.  The  greatest  pressure  fluctuation  obtained 
is  32  cm.  of  water  at  a  period  of  3  seconds.  For  this 
ourve  the  periods  are  those  of  the  bottom  pressure,  i.e. 
half  of  the  wave  periods. 

Typical  data  on  internal  waves  are  more  diffi¬ 
cult  to  obtain,  but  it  appears  that  oscillations  of  the 
seasonal  thermocline  at  h'  =  200  meters  (^^3 *!0  ^  ) 
ocour  with  periods  of  about  1000  sec.  and  amplitudes  in 
the  neighborhood  of  30  m,  while  the  deep  thermocline  at 
about  1000  m  ( )  oscillates  at  tidal  periods 
with  amplitudes  not  exceeding  100  m.  The  deep  ocean 
pressure  fluctuations  due  to  waves  on  the  seasonal  ther¬ 
mocline  is  about  10"3  cm.  The  periods  observed  in  the 
deep  thermocline  correspond  to  wave  lengths  in  excess  of 
8xl0^m,  much  greater  than  the  depth  of  the  ocean,  so  our 
method  of  calculation  cannot  be  used  in  this  case.  A 
simple  hydrostatic  calculation  shows  that  in  this  case 
the  first-order  pressure  variation  has  an  amplitude  of 
about  1.2  cm  in  phase  with  the  internal  wave. 

We  can  conclude,  therefore,  that  a  bottom 
pressure  recorder  with  a  sensitivity  of,  say,  5  om  of 
water,  will  record  no  effeots  due  to  internal  waves. 
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and  that  free-surface  waves  may  possibly  cause  pressure 
fluctuations  with  periods  of  less  than  30  seconds,  with 
a  maximum  amplitude  not  exceeding  32  cm  of  water  at  a 
period  of  three  seconds. 
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